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The Fluctuation Theorem as a Gibbs Property

Christian Maes" 2
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Common ground to recent studies exploiting relations between dynamical
systems and nonequilibrium statistical mechanics is, so we argue, the standard
Gibbs formalism applied on the level of space-time histories. The assumptions
(chaoticity principle) underlying the Gallavotti-Cohen fluctuation theorem
make it possible, using symbolic dynamics, to employ the theory of one-dimen-
sional lattice spin systems. The Kurchan and Lebowitz—Spohn analysis of this
fluctuation theorem for stochastic dynamics can be restated on the level of the
space-time measure which is a Gibbs measure for an interaction determined by
the transition probabilities. In this note we understand the fluctuation theorem
as a Gibbs property, as it follows from the very definition of Gibbs state. We
give a local version of the fluctuation theorem in the Gibbsian context and we
derive from this a version also for some class of spatially extended stochastic
dynamics.

KEY WORDS: Fluctuation theorem; large deviations; nonequilibrium; Gibbs
states.

1. CONTEXT AND MAIN OBSERVATIONS

1.1. Scope

The fluctuation theorem of Gallavotti and Cohen, see refs. 10, 11, and 26,
asserts that for a class of dynamical systems the fluctuations in time of the
phase space contraction rate obey a general law. We refer to the cited
literature for additional details and precision and we only sketch here the
main ingredients.
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One considers a reversible smooth dynamical system & — ¢(&), & e Q.
The phase space £ is in some sense bounded carrying only a finite number
of degrees of freedom (a compact and connected manifold). The transfor-
mation ¢ is a diffefomorphism of Q. The resulting (discrete) time evolution
is obtained by iteration and the reversibility means that there is a diffeo-
morphism 0 on Q with 0*=1 and 0o¢o-0=¢~'. Consider now minus the
logarithm of the Jacobian determinant J which arises from the change of
variables implied by the dynamics. We write S = —log J. One is interested
in the fluctuations of

1 ¥ S(¢ 1.1
=gy 2 S (L1)

for large time N. Here, p is the stationary probability measure (SRB
measure) of the dynamics with expectations

N "

L) =lim v 3767 (12)
corresponding to time-averages for almost every randomly chosen initial
point ¢ € Q2. This random choice refers to an absolutely continuous measure
with respect to the Riemann volume element d¢ on Q (and is thought of
as describing the microcanonical ensemble for Q the energy surface). S(&)
is the phase space contraction rate (which is identified with the entropy
production rate) and one assumes (and sometimes proves) dissipativity:

p(S)>0 (1.3)

It is assumed that the dynamical system satisfies some technical (ergodic)
condition: it is a transitive Anosov system. This ensures that the system
allows a Markov partition (and the representation via some symbolic
dynamics) and the existence of the SRB measure p in (1.2). This technical
assumption is not taken physically very serious but instead it is supposed
to guide us towards general results which are true in a broader context.?
That is what is affirmed in the so called chaotic hypothesis: “A reversible
many particle system in a stationary state can be regarded as a transitive
Anosov system for the purpose of computing the macroscopic properties,”
see also e.g., refs. 10, 11, 7, 6, 25, and 9. The fluctuation theorem then states

3 The situation resembles here to some extent that for the ergodic hypothesis. Ergodicity is
likely to be false in quite a number of realistic situations and in any event it is irrelevant.
Nevertheless assuming ergodicity can lead to correct consequences.
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that wy(¢&) has a distribution p,(w) with respect to the stationary state p
such that

. 1 pnlw)
111{,11 Np(S) w In pN(—w)_1 (14)

always. In other words, the distribution of entropy production over long
time intervals satisfies some general symmetry property.

This theorem originated from numerical evidence, e.g., in ref. 5, and it
has various interesting consequences. For example, in ref. 7, it was inter-
preted as extending the Green—Kubo formulas to arbitrary forcing fields for
a class of non-equilibrium dynamics.

In ref. 16, Kurchan pointed out that this fluctuation theorem also
holds for certain diffusion processes. This is the context of finite systems
undergoing Langevin dynamics. This was extended by Lebowitz and Spohn
in ref. 19 to quite general Markov processes. There was however no general
scheme for identifying the quantity (being some analogue of (1.1)) for
which the fluctuation theorem holds. Yet, from applying the fluctuation
theorem in this context to simple models of stochastic dynamics, relations
appeared between the entropy production and the action functional satis-
fying the theorem.

In this note we understand the fluctuation theorem within the Gibbs
formalism. Since this formalism is often considered as giving a mathemati-
cal structure to the theory of equilibrium statistical mechanics and in
order to avoid misunderstanding, we insist from the beginning that we
wish to see this Gibbs formalism applied here to nonequilibrium condi-
tions. The right way of looking at it, is to consider space-time histories
drawn from a Gibbs measure. In other words, our analysis is not to be
regarded as an investigation of fluctuations in an equilibrium system or as
the restriction of the fluctuation theorem to equilibrium conditions. On the
contrary, the observations we make can be seen as underlying and (at least
in some sense) extending both the Gallavotti-Cohen and the Kurchan and
Lebowitz—Spohn fluctuation theorems. Underlying because the technical
conditions of the Gallavotti-Cohen work reduce to a large extent the fluc-
tuation theorem to a statement about one-dimensional Gibbs measures.
That is not very different in the Lebowitz—Spohn work where the strong
chaoticity is replaced by stochasticity and the Perron—-Frobenius theorem is
applied to the dynamical generator as it is usually done for the transfer
matrix in one-dimensional Gibbs states. The fact that something more
general and typical of Gibbs states is at work here was already announced
in Section 3 of ref. 1 where Example 1.2 below was applied to the one-
dimensional Ising model in an external field. Our work systematizes this
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remark. But for Gibbs states, the fluctuation theorem does not rely on
having one dimension or on a high temperature condition. Once this is
perceived, one is tempted to conclude that chaoticity assumptions, while
important guides, cannot really be necessary for a fluctuation theorem or
its consequences to hold. Perhaps it is more natural to assume immediately
that for the purpose of computing macroscopic properties, a many particle
system in a steady state should be regarded as a Gibbs system for the
space-time histories. And we know that the reason for Gibbs distributions
has little to do with the detailed properties of the system’s dynamics but
instead is based on statistical principles.* There is finally a second, practi-
cally speaking, more important extension of the earlier results. In the
analysis below, we present a local version of the fluctuation theorem.
A mechanism for the validity of a local version was already discussed in the
recent ref. 8. This is crucial because it is only a local fluctuation theorem
that leads to observable consequences and we will see that this is quite
natural in a Gibbsian setup.

1.2. Disclaimers
Our analysis below is limited in various ways including:

1. Time (and space) is discrete: a regular lattice plays the role of
space-time. We believe that going to continuous time is a technical step
(which is not expected to be very difficult) and that this is irrelevant for the
purpose of the paper.

2. No hard-core conditions: we take a smooth potential and all
transition probabilities are bounded away from zero. In particular, this
seems problematic when dealing with dynamics subject to certain conserva-
tion laws. Again, we do not think that this is essential because the Gibbs
properties we use also hold for hard-core interactions. Extra care and con-
ditions would be needed for writing down certain formulae but we believe
they do not modify the main result.

3. Discrete spins: we deal with regular lattice spin systems. While
some compactness of phase space is nice to have around, our results
depend solely on having a large deviation principle for Gibbs states. The
extent to which such a principle holds decides on the possible extensions of
our results.

“We have in mind the maximum entropy principle and the foundations of statistical
mechanics in the theory of large deviations, see e.g., refs. 17 and 14. This must be contrasted
with the approach from the theory of dynamical systems (as summarized for example in
ref. 26). Notice that Markov partitions do not correspond to a statistical procedure; they
fully encode the dynamics.
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4. No phase transitions: while the fluctuation theorem holds quite
generally, its contents can be empty when the large deviations happen on
another scale than linear in time (and spatial volume). In other words, the
corresponding rate function could fail to be strictly convex in which case
instabilities or phase transitions are present. These “violations” of the fluc-
tuation theorem can of course not happen when the spatial volume is finite
(for a sufficiently chaotic dynamics or for a non-degenerated stochastic
dynamics) or, for infinite systems, when we are in the “high temperature”
regime. Such scenario’s are of course well-documented for Gibbs states.

5. Steady states and time-homogeneity: we do not consider here the
(physically very relevant) problem of forces or potentials depending on
time nor do we investigate here the long time behavior of the system
started in anything other than in a stationary state. In these cases, we must
refer to the study of Gibbs states on half-spaces with particular boundary
conditions but the main points must remain intact.

We hope to include in a future publication the extensions mentioned
above. In particular, all examples that appear in ref. 19 can be systemati-
cally obtained using the one and same algorithm that will be explained
below. We will briefly illustrate such a result (for a continuous time
dynamics with a conservation law) at the end (Section 3.3).

1.3. Notation and Definitions

We restrict ourselves here to lattice spin systems. For lattice we take
the regular d + 1-dimensional set Z*!, d>0. The reason for taking d + 1
is that the extra dimension refers to the time-axis. The points of the lattice
are denoted by x, y,.. with x=(i,n), neZ, ieZ% We can read the time
by the mapping #(x)=n if x=(i, n). The distance between two points
x=(i,n), y=(j,m)eZ*"is |x— y| =max{|n—ml|, |i—j|} with |i—j|=
max{|i; — jy |y lig— jul} for the two sites i = (i iy)y j=(j1s ja) € Z%
The set of finite and non-empty subsets of Z?*! is denoted by .%. For
general elements of & we write A, A,...; they correspond to (finite) space-
time regions. A°=Z9*'\A is the complement of A; |A| is the cardinality
of A.

A space-time configuration of our lattice spin system is denoted by
o, 1, &,.... This is a mapping o: Z9*! — S with values (x) e S in the single
site state space S which is taken finite. Ising spins have S={ + 1, —1}. The
set of all configurations is Q,,,= sz By o5, EcZ%"' we mean,
depending on the situation, both the restriction of ¢ to E as well as a con-
figuration on E, i.e., an element of S The configuration ¢ 4 4 is equal to
o on A and is equal to # on A€
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@, 1s equipped with the product topology and is a compact space.
If we denote by Z, the set of all subsets of S, then #, =% is the Borel
sigma-algebra generated by the (a(x), x € 4). We write F = Fga+1; (2, F)
is the measurable space of space-time configurations.

Local functions on 2, , are real-valued functions f which are -
measurable for some 4 €.%. The (finite) dependence set of such a local f'is
denoted by D,. A continuous function is every function on 2,,, which is
the uniform limit of local functions. The uniform norm is denoted by
/1l =sup, [f(a)].

Finally, conﬁgurations and functions on Q,,; can be translated over
7., xeZ% 1 a(y)=0a(y+x), 7, f(0) = f(r,0). If clear from the context,
we also write £ for 7, f.

We consider families of local one-to-one (invertible) transformations
7, on S4 where 4 will vary in same large enough subset of & (which will
be specified later on). As maps on 2, , they have the properties that

1. m0)(x)=0(x), xed° (1.5)
2 Maom =1 (1.6)
3 MA° T =T g4 (1.7)
4 T 4(0)(x) =7 4(0)(x) (1.8)

forall xedc A'.

For every function f on Q,,,, we write n,f(o)=f(n,(c)). The
(product over A of the) counting measure on S is invariant under 7 ,.
Notice that the function 4, f=mn,f—f satisfies n 4, f=—4, f We
give two interesting examples of such a transformation.

Example 1.1. Take 4=/, , a rectangular shaped region centered
at the origin with time-extension 2N + 1 and spatial volume (2L + 1)% The
transformation 7 4(o)(j, m) =a(j, —m), |j| <L, |m| <N time-reverses the
space-time configuration in the window A ;.
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Example 1.2. Take the Ising-case S={+1, —1} and 7 ,(0)(x)=
—a(x), x € A corresponding to a spin-flip in 4 € .%.

Probability measures on (2, ,, # ) are denoted by g, v,.... The corre-
sponding random field is written as X = (X(x), x € Z¢*+1). The expectation
of a function f is written as ,u(f)zjf(a),u(da). As a priori measure we
take the uniform product measure do with normalized counting measure as
marginals, for which | f(o) do=1/|S|'"'Y, f(0 ) when fis 7#,-measurable.

We will be dealing with Gibbs states 4 in what follows; u is a Gibbs
measure with respect to the Hamiltonian A at inverse temperature f (and
always with respect to the counting measure as a priori measure) when for
every A e€.% and for each pair of configurations o 4, 7 ,€ S

H[X(x) =a(x), xe 4| X(x) =¢(x), xe 4]
ulX(x)=n(x), xe 4| X(x) =&(x), x€ 4]

=exp[ —f(H(0 4& 4) = H(14< )] (19)

for wp-almost every £e€Q,,,. The Hamiltonian H=) , U, is formally
written as a sum of (interaction) potentials U (g)= U (o ,) with well-
defined relative energies H(o)— H(n) for {xeZ " a(x)#n(x)} e if
S o ULl < 00, xeZ4* 1 Other weaker conditions than uniform absolute
summability of the potential are possible. The essential Gibbs property is
(1.9) which identifies the existence of a well-defined relative energy governing
the relative weights of configurations that locally differ. (1.9) is the infinite
volume version of the equivalent statement for finite volume Gibbs states

1
HaloA |77A‘):T exp| —f Y Uions) (1.10)
ZA(’]) AndA#Z

with Z%(n) the normalizing factor (partition function with 5 boundary
conditions).

Traditionally, Gibbs measures give the distribution of the microscopic
degrees of freedom for a macroscopic system in thermodynamic equi-
librium. The choice of the ensemble is determined by the experimental
situation and is fixed by the choice of the relevant macro-variables. There
is however no a priori reason to exclude nonequilibrium situations from the
Gibbs formalism if considered as a procedure of statistical inference. Then
the information concerning the nonequilibrium state (like obtained from
measuring the currents) is incorporated in the ensemble. Moreover, as we
will use in Section 3, one can in many cases explicitly construct the Gibbs
states governing the space-time distribution as the path-space measure for
the dynamics. The fact that these examples concern stochastic dynamics
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should not be regarded as a return to the strongly chaotic regime but
rather as the proper way to deal with incomplete knowledge about the
microscopic configuration of a system composed of a huge number of
locally interacting components.

1.4. Main Observation

We start with the simplest observation. The rest will follow as imme-
diate generalizations (with perhaps a slightly more complicated notation).

Look at (1.9). This Gibbs property implies that the image measure of
1 under a transformation that affects only the spins in A is absolutely con-
tinuous with respect to x4 with the Boltzmann—Gibbs factor as Radon—
Nikodym derivative. Putting it simpler, it is an immediate consequence of
the Gibbs property that for all continuous functions f

(g f)=u(fWy) (L.11)

with W, =exp[ —f X 4na-z (m4U,— U,)]. But now the road is straight:
take /= W%~ in (1.11) and compute

w(Wh) = u(Wi= " W,) (112)
From (1.11) this is equal to
W, Wi = (W) (1.13)

where the last equality follows from n,(W*~')=W!.=* Thus, it is
immediate that Gibbs measures satisfy

lu(efiﬁRA):'u(ef(lfﬂ)ﬂRA), AeR (1.14)

with relative energy R ,=n ,H — H corresponding to the transformation 7 :

R, = Z (7 U,— U4l (1.15)

AnAd#D

We now imagine the above for a sequence of volumes A growing to
Z%*!in a sufficiently regular manner (e.g., increasing cubes). Suppose now
furthermore that yx is a Gibbs measure for a translation-invariant interac-
tion potential and that

R (o)=Y t.J(c)+h(0) (1.16)

xed
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with J a bounded continuous function and |4 |/|4| =0 as A4 becomes
infinite. This will be made explicit later on. Then, the following limit exists:

1
p(}J|,u)E—limlny{exp(—ﬁ}y Y Jx” (1.17)
4 |A| xed

with J . =17.J, and, from (1.14), it satisfies
p(AT )= p((1—=2) J|u) (1.18)

As a consequence, its Legendre transform
i;(wlp)=sup [ p(AJ ) —iw] (1.19)

2
satisfies

LW 1) — iy (—w )= —w (1.20)

It is not necessary (but it is possible) to employ the whole machinery of the
theory of large deviations for Gibbs states to understand what this means:
the probability law P ,(w) for the random variable Y .., J. (X)/|4]| as
induced from the random field (X(x), xeZ¢*!) with distribution g,
behaves (for large A) as

P (w) ~e bwim 4l (1.21)

and the rate function i;(w | i) satisfies (1.20). Comparing this with (1.4), we
see we have obtained exactly the same structure as in the Gallavotti-Cohen
fluctuation theorem with practically no effort.

1.5. Plan

We first present the fluctuation theorem in a Gibbsian context without
too much reference to an underlying dynamics through which, possibly, the
Gibbs states are obtained as space-time measures. Yet, to avoid misunder-
standing, we repeat that we think of these Gibbs measures here as describing
the steady states or symbolic dynamics for some spatially-extended non-equi-
librium dynamics. They are to be thought of as distributions for the space-
time histories. Via standard thermodynamic relations, we give the relation
between the action functional satisfying the large deviation principle (fluctu-
ation theorem) and the relative entropy between the forward and the back-
ward evolution. In particular, in quadratic approximation the Green—Kubo
formula appears. Time enters explicitly in Section 3 where via the example of
probabilistic cellular automata the general philosophy is illustrated.
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2. FLUCTUATION THEOREM FOR GIBBS STATES

In the present setup, we have no a priori reason to prefer one lattice
direction over another and we fix the family of increasing cubes A,, of side
length n € N centered around the origin in which we are going to apply the
transformations 7, ==, having the properties described in Section 1.3. For
every A € & we write 4, for the smallest cube A, (with n =n(A)) for which
AcA,.

2.1. Symmetry Breaking Potential

In what follows we simply set 2=, ,. A potential U is a real-valued
function on % x Q such that U,e %, (ie., only depending on the spins
inside A) for each 4 €% (put Uy, =0). It describes the interaction between
the spins in the region 4. We consider a family of m + 1 interaction poten-
tials (U%) 4, «=0,..., m. We assume translation-invariance, meaning that

Usi(n) = U%, (t.0) (2.22)

for all Ae ¥, xeZ*!, e Q. As usual we also take it that the total inter-
action of a finite region with the rest of the lattice is finite, i.e., we assume
that the potential is uniformly absolutely summable:

X ULl <o (2.23)

A>0

(This assumption of uniformity is not strictly needed but it avoids irrele-
vant technicalities. Similarly, hard core interactions are also not excluded
but extra care and assumptions would be needed.) Given the family of
transformations 7,, we define the relative energies

Ri= Y (m,U%—U%), x=0,.., m (2.24)

Ar‘\An;aéQ

o
n

We make a difference between the potential U° and the U% a=1,..,m
from their behavior under the 7,. We assume that U° is invariant under
the 7, in the sense that 7, U% = U whenever n >n(A4) implying that

RO
lim “| - I_y (2.25)

nl

The reason for taking m>1 is to allow for and to distinguish between
possibly different mechanisms for breaking the symmetry of the reference
interaction U°.
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We define the current associated to the symmetry breaking interaction
U*, a=1,..,m to be

;Eli,r,n Y ﬁ(nnmU‘;—Uj) (2.26)
xeAd<4,

J% is a continuous function on 2 and, from (2.22), J%(y)=J3(7,n). The
term “current” is suggestive for interpreting (2.26) as the real current at the
space-time point x associated to some driving of a reference steady state
v thereby breaking the time-reversal symmetry in the case of Example 1.1,
see next section. We take v to be a Gibbs state with respect to the inter-
action U?, i.e., with formal Hamiltonian

H'=Y U, (2.27)
A

(see (1.9)) for which the z-symmetry is unbroken:
Vo, =V (2.28)
As a consequence, the currents (2.26) vanish identically in that state:
w(J%) =0, a=1,..,m (2.29)

The perturbed or driven state is denoted by w. It is a translation-invariant
Gibbs state at inverse temperature f with respect to the formal
Hamiltonian

H=H'+ Y E°H" (2.30)

a=1

where the H* are built (as in (2.27)) from the interaction potentials U* and
where the E* are real numbers parameterizing the strength of a symmetry
breaking or driving force. As before, in the definition of Gibbs states, we
always take the normalized counting measure as a priori measure, see (1.9).

2.2. Fluctuation Theorem

Theorem 2.1. Suppose that x4 is a translation-invariant Gibbs state
for the translation-invariant potential (U, = U%+Y"_, E*U%), as in the
preceding subsection. The limit

1 m o
p(LE)=— lirrlnm In pu[ e = Zxe, Zam1 475 (2.31)
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exists and satisfies
p(4 E)=pR2E—1, E) (2.32)

for every A=(4,,..., A,,) and E=(E',.., E™) e R™.

Proof. The existence of the limit is a standard result of the Gibbs
formalism, see, e.g., refs. 12, 4, and 27. As announced via (1.11) the main
observation leading to (2.32) is that

ﬂ(nnf):u(exp[—ﬂ Y (mUs=Ua) 7)o e

A(‘\An;é@

simply because u is a Gibbs state for the potential (U,) at inverse tem-
perature f. Therefore, taking numbers h,, a=1,.,m and f=exp
[B>X7 (1 —h,) E*RS] in that formula,

(oo ~pRS—p 3 hER; | )

=1

_ <exp{—ﬂR2—ﬂa§ EQRZ} exp {[;él (1—h,) EaRZD

=1

=u <exp { —p (1—nhy) E“RZ}) (2.34)
a=1
Now,
R:=2 Z Ji—-1I+1, (2.35)
xEAn
where both
1 o o
L=} > “l (Tuy Uy —U%) (2.36)
xed, Asx,And,+*F | |
and

L= Y (n,U%—U?) (2.37)

And,, AnAy# &
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are small of order o(|4,|) because of (2.23): ||I;]|/|4,]| =0 as n goes to
infinity, =1, 2. Upon inserting (2.35) into (2.34) and taking i, =1,/2E*
(for E*#0), we get
1 ulexp[ —f e, Xa=1 Ao 31)
n
|4, | plexpl —f 2Xieq, 201 (2E*—1,) JZ])

going to zero as n 1 co. This is exactly what was needed. |

(2.38)

Remark 1. Gibbs states satisfy a large deviation principle, see, e.g.,
refs. 17 and 4 for additional references. As a result, (2.32) implies
(1.21)—(1.20). We do not add a more precise formulation here.

Remark 2. Related to this, as is clear from the proof, the essential
property is that the functionals {log(d(y-n,)/du): A€ S} satisfy a large
deviation principle under . We speak about the (somewhat more restricted )
Gibbs property because, in all cases we have in mind, the large deviations
arise from Gibbsianness of the random field.

Remark 3. The theorem above provides a local version of the fluc-
tuation theorem since the measure u lives on a much larger (in fact,
infinite) volume than the size of the observation window A,,. The relations
(1.14) and (2.34) are identities exactly verified for the finite volumes A,,.
This is similar to the local fluctuation theorem of ref. 8. Notice also that the
limit p(4, E) exists and remains unchanged if instead of taking the sequence
of cubes A4, we take volumes A growing to Z¢*! in the van Hove sense,
see, e.g., refs. 12, 4, and 27. This will be exploited in the next section
(Theorem 3.1) to separate time from the spatial volume.

Remark 4. The fluctuation theorem is formulated here (and else-
where) on a volume-scale, anticipating large deviations which are exponen-
tially small in the volume, see (1.21). This is certainly the typical behavior
at high temperatures. However, the same reasoning of the proof above
remains equally valid for other—less disordered—regimes where the large
deviations may happen on another scale. As an example, suppose that

1 m o
a(2, E) = —lim— In u[ e~ P Seen, B2 2t (2.39)
n N

Then, remembering that A, ~n¢*!, it also satisfies

a(}, E)=a(2E— ), E) (2.40)
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Such a scaling is applied in the study of large deviations in the phase
coexistence regime where the probability of a droplet of the wrong phase
is only exponentially small in the surface of that droplet.

2.3. Thermodynamic Relation

As mentioned in the introduction, the original context of the fluctua-
tion theorem concerned the large deviations in the entropy production rate
of a dynamical system. Since we have not specified any dynamics here, we
must postpone a related discussion to the next section. Yet, we can com-
pare with the thermodynamic potentials.

To start define the energy function

Ua
A>0 |A|

and its translations @, (U)(n) = @(U )(7,#). We define the free energy den-
sity for the interaction U as

Do(U) = (2.41)

P(U )_llmiln Y exp| =B Y. Uguo) (2.42)

|A | o'eQAn Ac4,

This coincides with

P(U )—11m|Al|ln Z% (n) (2.43)

of (1.10) for all boundary conditions #.
Finally, the entropy density of a translation-invariant probability
measure g is

s(p)= —lim

1
m X wlolingle]>0 (2.44)

aeQAn

where u,[ o] is the probability for the measure ¢ to find the configuration
o in the box 4, (and 01n 0 =0). The relative entropy density between two
translation-invariant probability measures x and p (with p,(o) =0 implying
Ha(0) =0) is

s(u|p)_hm— Y u o]t g (2.45)

5%, palo]”
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If u is a translation-invariant Gibbs measure (at inverse temperature ) for
the interaction U, then

P(U) =s(u) = pu(Po(U)) (246)

For a given interaction (U,) we also like to have around the free energy
functional F(U, p) defined for translation-invariant probability measures

p by
F(U, p)=s(p) — Bp(Dy(U)) (2.47)

We have, besides F(U, u)=P(U) for the Gibbs measures u with respect
to U, see (2.46), that

P(U)>F(U, p) (2.48)

for all translation-invariant probability measures p which are not Gibbs
measures for U at inverse temperature § (Gibbs’ variational principle).
The n-transformed interaction potential zU is defined via

U =74 Uy (2.49)

and the n-transformed measure 7u is obtained by its expectations for all
local functions f:

mu(f) =poma(f) (2.50)

for n=n(f) so that D,=4,. Clearly, P(rU)=P(U) by the assumed
n-invariance of the counting measure, see (1.3). (This also follows from
observing that —P(nU)+ P(U)=p(2E, E)=p(0, E)=0 by (2.32) and
(2.31).) For the same reason, s(mu)=s(u) and if x4 is a Gibbs measure
for U, then mu is a Gibbs measure for zU (and vice versa). (To avoid tri-
vialities, it is understood that the interaction nU is not physically equiv-
alent with U as long as some E*#0.)

We next show that the averaged current (whose fluctuations are
investigated in Theorem 2.1) is always (strictly) positive as it equals a
relative entropy density. To link it also to a free energy production we must
require that the free energy P(U+ #(zU— U)) is differentiable with respect
to ¢t at t=0. For this (see, e.g., ref. 12), it suffices e.g., that

X ANULN Y E* Y 141U ) <1 (2.51)

A>0 a=1 A>0
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Proposition 2.1. For the Gibbs measure u # nu of Theorem 2.1,

m

s(mp | ) =s(pu | mp) =28 3, E*u(J5)>0 (2.52)

a=1

and, under the assumption (2.51), is also given via

“ o oy Lg — —
Y Eu(JE) = —ZﬁatP(U—i—t(nU U))(t=0) (2.53)

a=1

Proof. The positivity follows from the variational principle:

s(u) = pu(@o(U)) = P(U) > F(U, mu) = s(u) — pru(Do(U)) - (2.54)

As is well known the relative entropy (2.45) can be rewritten as a difference
of free energies: s(mu |u) = P(U) — F(U, nu). We can now use that

0
fu(@o(nU) = Po(U)) = —= P(U+ H(zU—U))(t=0) (2.55)

m
a=1

is exactly equal to 28 >7_| E*u(J3), as required. |1

Remark 1. The positivity of (2.52) should be compared with (1.3).
The positivity of the entropy production is discussed in refs. 23 and 24. The
positivity of (2.52) just follows here from the Gibbs’ variational principle:
with §,=3> E*> .4 J%, for p-almost every o, §,(0)/|4,|— s(p|mu)/2p
>0 where the almost sure convergence assumes that x4 is a phase. That
s(u | mp) has something to do with entropy production will become clear
in the next section when a dynamics and the time-reversal operation is
considered.

Remark 2. Thinking about s(u |7u) as entropy production, (2.52)
gives the usual bilinear expression in terms of thermodynamic fluxes and
forces. Remember that the dependence of p(/, E) on E in (2.31) comes
from the state pu. The E* correspond to field strengths or amplitudes
producing energy- or particle flow. Of course, on the formal level above,
the distinction must remain arbitrary and one can of course include the £~
in the potentials U?%.

2.4. Green-Kubo Formula

It has been observed in other places,'®!*7) that the fluctuation
theorem quite directly gives rise to various familiar formulae of linear
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response. We will not pursue this matter here very far except for repeating
the simplest derivations.

Assuming smoothness of the free energy in the external fields, we dif-
ferentiate (2.32) with respect to E” and A,, o, y=1,.,m at E=1=0:

0 0 J 0 0 0

a5 ar, MO0 =355, MO0 =255 00,00 (256)

On the other hand,

0
= p(0, E) =l 73) (257)
/L'ZX
while
2% p0,0)- P I (258)
a1, i, 0 '
Conclusion,
R o« Ty
3 KUBE=0)=F T30 (259)

and the change in relative entropy s(u |zu) (see (2.52)) from Proposi-
tion 2.1 is in quadratic approximation for small E given by

s(u | mp) =242 Y, E*E? Y w(J3J7) (2.60)
o,y x
Equation (2.59) is a standard Green—Kubo relation while (2.60) expresses
the relative entropy density s(u | mu) (or change in free energy) in terms of
the current-current correlations (with the obvious analogues of Onsager
symmetries). In conclusion, we have identified a (model-dependent) con-
tinuous function

=Y E*J¥0) (2.61)

with 78= —S, u(S) >0, v(S)=0 and symmetric response matrix

0 o .
55t (5 8) (E=0) SRR (262)

Symmetries in higher order terms can be obtained by taking higher
derivatives of the generating formula (2.32).
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The notation S should not be read as a time-derivative (change of
entropy in timed. More appropriate will be to regard u(S)/2 as the limit
(S;—S,;)/T as time T goes to infinity of the total change of entropy S,—S;
in a reservoir during the nonequilibrium process. The reservoir is initially
in equilibrium with thermodynamic entropy S; and after absorbing the heat
dissipated by the nonequilibrium process it reaches a new equilibrium with
entropy S, We will come back to this once time has been explicitly intro-
duced (in Section 3).

3. FLUCTUATION THEOREM FOR PCA

PCA (short for probabilistic cellular automata) are discrete time
parallel updating stochastic dynamics for lattice spin systems. They are
used in many contexts but we see them here as interesting examples of non-
equilibrium dynamics. We refer to refs. 13 and 18 for details and examples
and we restrict ourselves here to the essentials we need.. We work with
time-homogeneous translation-invariant nearest-neighbor PCA which are
specified by giving the single-site transition probabilities

O<p;ualo)=plalo(jn=1),|j—il<1)<]1, aeS, oel,,
(3.63)

This defines a Markov process (X,),—o, 1. on £, for which for all finite
V<74,

PrOb[Xn(i):aia Vle V|Xn—l] = 1_[ pi(ai | Xn—l(j)a |l_]| < 1)5 aiES
e (3.64)

with some given initial configuration X, =¢ € Q,. Notice that we have kept
the notation ¢ for a general configuration on the space-time lattice.
Remember that x = (i, n)e Z?*! stands for a space-time point with time-
coordinate 7 at site i e Z%.

The 7, are restricted to time-reversal transformations and the volumes
A are to grow first in the time-direction (for a fixed spatial window).

3.1. Steady State Fluctuation Theorem

If we take a translation-invariant stationary state p of a PCA as
above, then its Markov extension defines a translation-invariant Gibbs
measure u for the (formal) Hamiltonian

H(o)= =Y Inp; J(a(i,n)|a(-,n—1)) (3.65)

i,n
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We refer to refs. 13 and 18 for a precise formulation. x« describes the dis-
tribution of the space-time configurations in the steady state and its restric-
tion to any spatial layer is equal to the stationary state p we started from.
To characterize p, one must study the projection of u to a layer (see ref. 20
for a variational characterization of such a projection).

Since u is Gibbsian we can try applying the theory of the previous
section. Most interesting is to consider a sequence of rectangular boxes
A y={x=(i,n)eZ "' =7x7: |i|<L,|n|<N}. The idea is that we
wish to keep the spatial size L much smaller than the time-extension
N>> L. As transformation we take = A, =T N corresponding to a time-
reversal:

7-[L,NO-(ia I’l) =O'(i, —7’1), |I’l| <N5 |l| <L (366)

and 7, yo(i, n)=o(i,n) whenever (i, n) ¢ A, .
Define the current

Jio)=In p(a(i,n)|o(-,n—1))=In p,(a(i,n—1)[a(-,n))  (3.67)

Notice that in contrast with the previous section, we do not specify here
the unperturbed state (but one can always take some homogeneous
product measure) and we take m =1 = 2F for simplicity. J; , is a local func-
tion and it is the space-time translate of J,. In the same way as in (2.24),
we define

Ry, w(o)=H(ny, yo) — H(o) (3.68)

Starting from (3.65) R, » can be written out as a finite sum but most
important is that

Ron@)= 5 Y J0)+Gy (o) (3.69)

n=—N+1 |i|<L—1

where
G §I| <c(2N+1)(2L + D4 4+ 2L+ 1)< e(d) NL! (3.70)

with a constant ¢(d) depending on the dimension ¢ and on the transition
probabilities (3.63). We are therefore in a position to repeat the fluctuation
Theorem 2.1 in that context.
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Theorem 3.1. Take L=L(N)<N growing to infinity as N 1 co.
The limit

1
e(d) = —limln,u<exp[ - J,;J) (3.71)
N |AL,N| xedp Ny

exists for all real 4 and
e(A)=e(l1—41) (3.72)
Moreover, for fixed L,
1
e nA)=——Inu <exp { -2 ) Ji,n}> (3.73)
N xXedp_y N1

(which, generally, is of order L) satisfies
ler, n(A) —ep, n(1—2) <c(A,d)L! (3.74)
uniformly in N7 co.

Proof. The proof is a copy of the proof of Theorem 2.1. As before,
we have automatically, from the Gibbs property (as in (1.14)), that

u(exp[ — ARy y]) =pu(exp[ —(1 = 2) Ry, y]) (3.75)

We now substitute (3.69) and use the estimate (3.70) to perform the
limits. |

Remark 1. One may wonder about the existence of the limit
e (A)=limye; y(4) for fixed L. This is certainly expected when the steady-
state x4 is a high temperature Gibbs state. In that case, the limit
lim, e, (4)/L¢=1im, e (1 — A)/L? satisfies (3.72).

Remark 2. Some quite similar results were discussed already in
ref. 8. There however the dynamics was deterministic (weakly coupled
strongly chaotic maps). There again, the methods of refs. 2, 3, 22, and 15
can reduce the problem to a higher dimensional symbolic dynamics and the
methods of the previous section are ready for use.

3.2. Entropy Production

The measure u gives the probability distribution of the space-time
histories in a steady-state. It is therefore natural to consider s(u) (see
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(2.44)) as its specific entropy rate (i.e., entropy per unit volume and per
unit time). In terms of the stationary state p we have (see ref. 13) that

s(u)=—p < Y. polala(-, =1))In po(a|a(-, —1))> (3.76)

aesS

On the other hand, the free energy density vanishes identically for PCA
(because of the normalization in (3.65), see refs. 13 and 18), so that, from
(2.54),

P(U) =0, P(U) = F(U, nut) = —s(p) + prop(Po(U)) (3.77)

Hence, still in the notation of the previous section, whenever P(U) =0
(which is verified for PCA),

—s(u | mu) = s(u) — fru(@oy(U)) (3.78)

(This formula is not correct when we replace in it g by mu.) That is inter-
esting because we found that now s(u | 7u) > 0 is minus the specific entropy
rate s(¢) modulo a term which is linear in x. Writing this out in our pre-
sent notation, this is nothing else than

—u(Jo)=—p < Y. polala(-, =1))In po(ala(-, —1))

aeS

—u(—1In pe(a(0) [a(-, 1))> (3.79)

The first term to the right is the specific entropy rate (3.76) (always
positive) and the second term (linear in u) subtracts from this exactly so
much that the net-result to the left vanishes in the case of time-reversal
symmetry (detailed balance). Of course, as in Proposition 2.1 we have an
equality between the averaged current in the steady state x4 and the relative
entropy s(u | ) (remember that we took m=1=2E!). We can therefore
conclude that indeed u(J,) or s(u | mu) must be regarded as the (positive)
entropy production by our dynamics. The current associated to the break-
ing of time-reversal symmetry gives rise to nothing else than the local (in
space-time) entropy production whose fluctuations we have investigated in
Theorems 2.1 and 3.1. The points made in Section 2.4 related to the Green—
Kubo formula remain unaltered and we do not repeat them here.

Yet, to obtain a physically inspiring picture, we should connect the
above analysis to measurable quantities. The (second part of the) second
law of thermodynamics connects the thermodynamic entropy of an initial
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and final equilibrium state after some thermodynamically irreversible pro-
cess has taken place. In an adiabatic non-quasi-stationary process the
entropy can only increase: S,> S;. If we now were to rerun the process in
the opposite direction, simply by (thermodynamically) inverting all the
currents (by changing the sign of all gradients of the intensive variables),
again the entropy would increase and by the same amount as before
(s(¢) =s(mu)) and we would reach a new equilibrium with entropy equal
to S;+2(S,—S;). While we lack at this point a more formal understanding,
we believe that our entropy production exactly measures that difference:
[S,—S1—[S:—S8;,1=2(S,—S;)=s(u|mu)>0. More generally and
depending on the physical realization of the process, these considerations must
apply to the relevant thermodynamic potential and “entropy production” must
for example be replaced by “work done” or “free energy production.”

We will further illustrate this by an example in the following subsec-
tion but it is interesting to remark already that s(u | 7u) reproduces, via the
formal analogies on the level of the variational principle (both for Gibbs
and for SRB states), the entropy production in the context of the theory of
dynamical systems. There we have that the entropy production is given by
(1.3) with p(S) equal to the sum of the positive Lyapunov exponents with
respect to ¢ ~! minus the sum of positive Lyapunov exponents with respect
to ¢. If p is singular with respect to d¢ and has no vanishing Lyapunov
exponent, then p(S) >0, see ref. 23. In our case, s(u | mu) = fru(Py(U)) —
pu(®o(U))=P(U)—F(U, mu) > 0.

3.3. lllustration

We take here a closer look at the current (3.67) for Markov chains.
The spatial degree of freedom ie Z? has now disappeared and we must
study

J(o)=In p(a(n)|o(n—1))—1In p(c(n—1) | o(n)) (3.80)
for 0 € 2, and transition probabilities
Prob[ X,=a | X,_,=b]=p(a|b), a,beS (3.81)

for the stationary S-valued Markov chain X,,. The steady state u is now a
homogeneous one-dimensional Gibbs measure and its single-time restric-
tion is the stationary measure p on S: >, p(a|b) p(b) =p(a), a€ S.

The steady state expectation of the current (3.80) is

u(J)=3 p(b) Y. pla|b)[In p(a|b)—In p(b|a)] (3.82)

b
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Now use that the transition probabilities ¢(-|-) for the reversed chain
(Y,=X_,), (with distribution 7u but with the same stationary measure p)
are given by

gla|b)=Prob[ X,=a| X, ., =b]=p(b|a) 2 (38)

P

Since 3, p(b) X, pla|b)In p(b) =3, p(b) In p(b) =3, p(b) 2, pla|b) x
In p(a), we can substitute (3.83) into (3.82) (¢(a|b) for p(b|a)) with no
extra cost and we obtain

~—~

u(Jo)=p(S(plq)) (3.84)
where
( | -)
S(plq) Zpal n |_)>0 (3.85)

is the relative entropy between the forward and the backward transition
probabilities. (3.85) is zero only if the Markov chain is time-reversible (in
which case u =nu). Then, (3.83) for g(a |b) = p(a | b) becomes the detailed
balance condition. Relation (3.84) is nothing but (2.52) specified to the
context of Markov chains.

A second less trivial and physically interesting illustration can be taken
from a model of hopping conductivity. It is a bulk driven diffusive lattice
gas where charged particles, subject to an on-site exclusion, hop on a ring
in the presence of an electric field. The configuration space is Q,= {0, 1}7
with £(i) =0 or 1 depending on whether the site i€ 7 is empty or occupied.
We take for 7 the set {1...., /} with periodic boundary conditions. To each
bond (i,i+1) in the ring and independently of all the rest there is
associated a Poisson clock (with rate 1). If the clock rings and &(i) =
&(i+ 1) =0 then the particle at i jumps to i+ 1 with probability p. If on the
other hand, £(i) =0, &(i+ 1) =1 the particle jumps to i with probability q.
Therefore, the “probability per unit time” to make the transition from & to
&R+ 1 (in which the occupations of i and i + 1 are interchanged) is given by
the exchange rate

c(i,i+1,8)=p()(1 =&+ 1)) +¢<(i+ 1)(1 = £(0) (3.86)

and should be thought of as a continuous time analogue of (3.63). It is
natural to call E=1n p/q the electric field. This model is called the asym-
metric simple exclusion process and it is also considered in ref. 19. Strictly
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speaking, it is not a PCA but a continuous time process with sequential
updating. However, since it is a jump process, the change with respect to
the PCA of above just amounts to randomizing the time between suc-
cessive transitions.

Each uniform product measure p is time-invariant for this process and
we consider the steady state u starting in this invariant state. If we now
consider a realization ¢ of the process in which at a certain time, when the
configuration is ¢ € Q,, a particle hops from site i to i+ 1, then the time-
reversed trajectory shows a particle jumping from i+ 1 to i. The contribu-
tion of this event to the entropy production is therefore

Inc(i,i+1,&) —Inc(i, i+ 1, &+
= ELEG)(1 = E(i+ 1) — (i +1)(1 — ()] (3.87)

This formula is the continuous time analogue of (3.80) or (3.67) (but we do
not take £'=1/2 here) with ¢ the configuration right before the jump and
&51+1 the configuration right after the jump in the trajectory o. Of course,
this jump in o itself happens with a rate c(i, i + 1, £). We see therefore that
the derivative of (3.87) with respect to E has expectation

u(J )= ple(i, i+ 1, O =&+ 1)) =<+ (1 —=&(0)])
=(p—q)u(l —u) (3.88)

for u= p(&(i)) the density. (3.88) is indeed the current as it appears in the
hydrodynamic equation, here the Burgers equation, through which a
density profile evolves. The fluctuations of the particle current satisfy (2.32)
or (3.72) (with E=1/2), see also ref. 19. The entropy production (as in
(3.84)—(3.85)) is

;S(ulnu)=p<6(i,i+l,é)lnc clhi+]c)

i1, gere ) =B 0=

(3.89)

which is the field times the current and is left invariant by changing E into
—E. If, to be specific, we take p=1/(1+e~%)=1—g, then, in quadratic
approximation,

Ls(p ) = u(1 — ) E? (3.90)
which is the dissipated heat through a conductor in an electric field E with

Ohmic conductivity u(1 —u)=u(J3)(E=0)=p(c(0, 1, E)[E0)(1—E(1)) —
E(1)(1 —&(0))]?) given by the variance of the current. This model (together
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with the models discussed in ref. 19) illustrates that the methods exposed in
the present paper are not restricted to just PCA. We have restricted us here
to a somewhat informal treatment of the aspects concerning the entropy
production in the model as it will be included in a future publication
dealing with the local fluctuation theorem.?"

4. CONCLUDING REMARK

It does not seem unreasonable that Gibbs’ variational principle deter-
mining the conditions of equilibrium can be generalized to certain non-
equilibrium conditions. In this note we have shown that describing the
steady state via the standard methods of the Gibbs formalism leads directly
to the fluctuation theorem. This is true close or far from equilibrium
because it follows quite generally from the defining Gibbs property itself.
From this “Gibbsian” point of view, applying the local fluctuation theorem
to various specific models is to add specific observable consequences to the
studies of E. T. Jaynes.("¥)
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